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Abstract. We study generalised differential algebras (A, Q 1 , d) where surjec- 
tivity is relaxed so that not every element of CI 1 need be a sum of elements of 
the form adb. The paper concerns mostly the case where A is a Hopf algebra 
and the calculus is bicovariant. A generalised calculus encodes a quiver con- 
taining a digraph in the case of functions on a finite set, and when A = k(G) 
on a finite group we show that it is equivalent to the existence of a Hopf quiver 
containing a Cayley digraph, and classified by 'ramification data' Q(G, R) and 
a contained ad-stable subset. In general a generalised differential algebra on 
a Hopf algebra with invertible antipode is equivalent to an object A 1 in the 
braided category of crossed (or Drinfeld-Radford-Yetter) modules over A and 
a morphism w : A + — ¥ A 1 where A+ is an object in this category by right 
multiplication and the adjoint coaction. We also study the exterior algebra 
expressed in the bicovariant case as a super-Hopf algebra Q equipped with 
a differential d that is both a super derivation and a super coderivation, and 
corresponding to a super braded Hopf algebra A equipped with a certain super 
derivation structure. 



1. Introduction 

A differential algebra means an algebra A equipped with an A — A bimodule Q 1 
and an 'exterior derivative' d : A — » 1 obeying the product rule 

d(ab) = (da)b + adb, Va,b € A 

and a 'surjectivity axiom' that 0: A(g>A— >il 1 ,a®6n> adb is surjectivc. One 
says that the calculus is connected if kerd = kl where k is the ground field. This 
axiom ensures that any calculus is a quotient of the universal one fii^ = ker(m : 
A ® A — > A) by a sub-bimodule. This is because the above map remains surjective 
when restricted to f2„ n j„ and then becomes a bimodule map. One is also interested 
in extending ft 1 to a differential graded algebra f2 = (Bi.il 1 with fi = A and d 
extending to a degree 1 map such that d 2 = obeying the graded product rule. The 
cohomology of this complex is then called the noncommutative de Rham cohomology 
of the differential algebra A and its extension. This theory goes back to Quillcn 
and others in the 1970s and is now common to most approaches to noncommutative 
geometry. 
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In this paper we consider the more general theory where the surjectivity is dropped. 
There turn out to be many natural situations where this occurs and we show that 
one can still have a differential complex of interest. One always has an ordinary 
differential algebra Cl 1 defined as the image of <j> and our interest is in what happens 
to the rest of fi 1 particularly when we extend to il. Section 2 has some general 
theory and the example of A = k(X) the functions on a finite set. Here ordinary 
calculi correspond to digraphs on X while our generalised ones to quivers. 

Specifically, the theory of bicovariant such differential calculi on Hopf algebras A has 
been around for almost 20 years now|ll| and many examples are known. However, 
this theory is almost always developed with reference the universal calculus and 
quotients of it. Here we do not assume this and in Section 3.1 we take a new 
approach to this theory so as to apply in our more general setting. We classify 
bicovariant generalised first order calculi in terms of data (A 1 ,^), where A 1 is a 
right crossed A-module (or Drinfcld-Radford-Ycttcr-module, basically a module of 
Drinfeld's celebrated quantum double of A) , and u is a crossed-module morphism 
u) : A + — > A 1 . Here A + is the augmentation ideal. Section 3.2 characterises when 
the generalised calculus is inner and Section 3.3 studies the extension to a complex 
Q,, in terms of extending A 1 to an a graded algebra A of left-invariant forms equipped 
with a degree 1 super derivation (Proposition 13. 7} obeying certain properties. 

For a full theory here we are led to introduce a notion of a strongly bicovariant 
exterior algebra (f2, d) on a Hopf algebra A, defined as a graded super-Hopf algebra 
equipped with d such that d 2 = and d is a degree 1 superderivation and super 
coderivation. It is known for ordinary calculi that the Woronowicz exterior algebra 
is a super-Hopf algebra[2] and indeed this appears as an example in our new more 
general approach to bicovariant exterior algebras on Hopf algebras. Theorcr d3.11l 
gives an equivalence with (A, 5) a super braided-Hopf algebra in the braided cate- 
gory of crossed modules equipped with S a degree 1 super derivation with certain 
properties. At least in the inner case we provide an explicit class of examples 
il(A, A 1 ) where A is the super-braided Hopf algebra generated by A 1 as a crossed 
module. There is also a non-super or bosonic version S(A, A 1 ) which is an ordinary 
Hopf algebra but without the exterior derivative or the geometric interpretation of 
the super case. 

Section 4 then specialises this theory to the case of A = k(G), G a finite group. 
The data (A 1 ,^) becomes a Hopf quiver datum Q(G, R) in the sense of Cibils and 
Rosso together with an ad-stable subset contained in its support, which we write 
as sub Hopf quiver Q(G,r), while S becomes the associated path Hopf algebra. 
Meanwhile in the strongly bicovariant case becomes a case of the super path 
Hopf algebra theory of [4] . Consequently our new approach to bicovariant exterior 
algebras in Section 3.3 could be called a 'super quantum Hopf quiver' in that the 
group is replaced by a quantum group, with the additional data of the exterior 
differential d. 

2. Generalised differential algebras 

We work over a general field k. We define a generalised differential algebra as an 
algebra A equippped with an A — A-bimodulc il 1 and a linear map d : A — >• il 1 
obeying the product rule. This is an standard differential algebra if the induced 
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map 4> : A <g> A — > fi 1 is surjective. Note that fj 1 = (f>(A g) A) and d provide 
an ordinary differential algebra contained in any generalised one. We say that a 
generalised calculus is 'inner' if there exists an element 9 G SI 1 such that 

[6,a]=da, Va G A, 

where [9, a] = 9a — a9. This is the same definition as in the standard case and is 
the same as saying that (Cl 1 , d) is inner. 

Lemma 2.1. Suppose that ft 1 extends to a differential graded algebra Q generated 
by A, Q . Then the graded subalgebra generated by ^4, O 1 is a differential graded 
subalgebra of f2. 

Proposition 2.2. Let X be a finite set. Generalised first order calculi on A = k(X) 
are in 1-1 correspondence with the following data: 

(1) fl 1 = yeX fl xy is a bigraded vector space with components labelled by 
X x X 

(2) 9 e n 1 . 

The calculus is necessarily inner. It is a standard (not generalised) one iff dim Q x G 
{0, 1} for all x,y and d\m£l x x — for all x. 

Proof. By considering the Kronccker S x it is immediate the bimodules are of the 
bigraded form stated with fuj = f(x)u) and Luf = f{y)uj for all / G k{X) and 
u6f!j 9 . So the only issue is what data gives d? We let dS x = 9(x) = J2 y z ®y-z( x ) 
for some collection of 1-forms {9(x)}. The Leibniz rule 

5 x dS x = dS x - (dS x )S x . 

This equation ( )5 X gives 5 x (dS x )6 x = hence 

&x,x(x) = 0. 

If y ^ a;, the same equation S y ( ) gives S y dS x = S y (d5 x )5 x hence 

XX«(*) = o» Vy^x 

z^x 

As these terms are all in different spaces we conclude that 

6 y ,z{x)=0, Vy,z^x. 

Next, if y 7^ x we have 5 y d8 x + (dS y )S x = 0. Given the result already obtained, this 
implies 

v ,x(x) + Qy,x{y) =0, Vy 7^ x. 
Putting these results together we conclude that 

y^x y=£x 

= 'Z,(J(v)-f(*))0*,v(y) = [o,f\ 

y¥=x 

where 

y^x 
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Conversely, given any 9 £ ft 1 we define df = [6, f] or equivalently we define dS y 
according to 9 x , y {y) = x ,y and 9 x , y {x) = —9 x ^ y . If follows from the formula for d 
that the standard subcalculus O 1 has a digraph form (as it must do), where x — > y 
if x , y (y) ^ 0. □ 

Corollary 2.3. Up to isomorphism, the generalised first order calculi (O 1 , ^) on 
k(X) are in 1-1 correspondence with quiver pairs (Q, Q') on X with Q' a sub- 
quiver of Q without loops and multi-edges (i.e. a quiver containing a digraph). The 
standard first order calculi on k(X) correspond to Q = Q' , i.e. to digraphs. 

Proof. Given data {fl x ,9) as the Proposition above, let R XyV := dim^ f2* ;J/ , we can 
define a quiver Q = (Q07Q1) with Qq = X and there arc R XtV arrows in Qi from 
x to y for any x, y £ X. Let kQ a be the path algebra with multiplication defined 
by concatenation, then kQI is a kQ$(= fc(X))-bimodule. If we choose a basis 
{ m x y }f=i f° r eacn ^ x y i then each 6 Xi y is a linear combination of y , where 
^ = J2x,y£X@x,y witn 0<c,v G ^x,y If ^x,y 0, then wc can replace m\. y by 6 XtV 
to form a new basis for Q xy . It is easy to sec that fi 1 = ®x t yex^ XtV — kQf as 
fc(J*f )-bimodules by identifying the new basis with arrows from x to y in kQ^. The 
arrows in kQ a that correspond to non-zero 9 x>y form a sub-quiver of Q, denote the 
sub-quiver by Q' as desired. 

Conversely, given any quiver pair (Q, Q') on X, we can view kQI = ® x , V £Q =x (hQi)x,y 
as a bigraded vector space, where (kQ1) XyV is the subspacc spanned by arrows from 
x to y in kQ c [. Define 9 the sum of all arrows in Q' , then fcQ" with d = [9, ] : 
k(X) = fcQg — > kQI is a generalized first order calculus on k(X). □ 

Example 2.4. Let X be a finite set, a symmetric digraph calculus, and 

(Af)(x) = 2 £ (/(a;) - /(y))^ 
y: X -ty 

be the graph Laplacian for any nonscro weights g y -> x . These coefficients have the 
the geometrical intepretation as metric in [8]) with 

( , ) : il 1 ®fc(x) ^ — ► fc(-X')) K^j,^'^') = S X}X >S y ^ y ig y ^ x 5 x 

where ojj^j are the basis elements over k of fi 1 , labelled by directed edges. The 
Laplacian obeys 

A(fg) = (Af)g + fAg + 2(df,dg). 
Given such a second order operator one has a 'quantisation' of this standard calculus 
to a generalised one (fi^d) with = k{X)9' © with new bimodule 

structure [5] 

fmu = fu, u.f = ujf + \(uj,df)9' 1 d/ = d/+^(A/)0' 

where A £ k is a parameter. According to the above this is isomorphic to a quiver 
calculus. We show that this quiver consists of the original graph with the addition 
of all the identity loops x — > x. 

Thus, in our example 

dS x = tJy-^x - ^2 0J x ^y + \g{x)5 x 9' - A ^ g x ^ y S y 9' 
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where g(x) = ^2 x _> y 9y^x- From this we compute ^(d^j,) • S y and arrive at 

x^y 

with zero if x,y are not adjacent. When x — > y we have 1-dimensional ft 1 y C ft 1 
spanned by 9 x . y (y), which is deformed from ft 1 y (which was spanned by ui x ^ y ) by 
the A term. In addition we have fl x ,x C ft 1 which are 1-dimensional with basis S x 6' . 
These subspaces need to be in ft 1 but together we obtain a decomposition of all 
of it. We see that it has the quiver form where we add the self-loops. Finally, the 
standard subcalculus ft 1 = ©^-^ft 1 y is clearly isomorphic to the original calculus 

n\x). 



3. Generalised bicovariant calculi on Hopf algebras 

When A is a Hopf algebra we can ask for ft 1 to be a bicomodule, i.e. there are 
commuting coactions 

A L : ft 1 -> A® ft 1 , AR-.n^n^A 

and we require these to be bimodule maps, where A acts by the tensor product 
of the actions on A by multiplication and on ft 1 . In addition we ask d to be a 
bicomodule map. We then say that the generalised calculus is bicovariant. If we 
are given only (say) then we say that the calculus is left covariant. Note that 
unlike the standard case, in the generalised theory covariance is additional structure 
not a property as these coactions, if they exist, need not be unique. 

3.1. Reduction to left invariant forms. We let A + = kere, the augmentation 
ideal defined as the kernel of the counit. We recall[5] that a right A crossed module 
(also called Drinfcld-Radford-Yetter or quantum double module) is a vector space 
V which is both a right module over A, denoted o, and a right comodule, denoted 
Ar, such that 

Ar(v<ci) = v <a(2) <S> 5 , a( 1 )t>ia(3), Va G A, v e V; Arv — v (g) vi 

x A 

We suppose for convenience that A has invertible antipodc, then the category A4 A 
of crossed modules is braided. Morphisms are maps which commute with both the 
action and coaction. An example of an object in the category is A + with 

a<b = ab, A/?(a) = ct( 2 ) ® <Sa(i)0(3) 

the right regular action and adjoint coaction respectively. We let tt : A — > A + , 
Tia = a — e(a) be the counit projection. 

Theorem 3.1. Let A be a Hopf algebra (with invertible antipode). Left covariant 
generalised calculi on A are isomorphic to ones of the form ft 1 = A ® A 1 and 
da = a(!) ®wo 7r(a( 2 )) 7 given by any data (A 1 ,^) where A 1 is a right A-module 
and to : A + — > A 1 a right module map. Bicovariant generalised calculi are given by 
(A , u) where A 1 is an A-crossed module and lo is a morphism in the category of 
crossed modules. The image A 1 = lu(A + ) and uj give the standard subcalculus. 



(i 



SHAHN MAJID & WEN-QING TAO 



Proof. The first part of the proof is routine; A left covariant fi 1 is a left Hopf module 
(i.e. a left module, a left comodule with left coaction a left module map). By the 
Hopf module lemma, a left Hopf module ft 1 is isomorphic to A ® A 1 where A 1 is 
given by the space of left invariant elements of fi . The map from A <g) A 1 is given 
by the left action and its inverse is m n> m-2® (Sm—i).mo where we use standard 
notation for the left coaction and . is the left action. In the other direction, given 
any vector space A 1 we have a left Hopf module on A® A 1 by left multiplication of 
A and the left coaction of A. Next, and also well-known, under this isomorphism 
the right Hopf module structure on ft 1 transfers to a crossed modules structures 
on A 1 . Thus given a crossed module we give A ® A 1 a left Hopf module and also a 
right Hopf module structure by 

(a ® v).b = a&(i) <E> v<b(2), A^(a ® v) = a (1 ) ® v (g> 0( 2 )^i 

in terms of the crossed module structure. The new part of the proof is to more 
carefully analyse the content of d : A —> Dr. Under our isomorphism this transfers 
to a map d : A — > A <E> A 1 necessarily of the form da = am (8> a)(a( 2 )) for some 
map lu : A — > A 1 defined by cD(a) = Sa^da^) , the properties of which can then be 
deduced. 

Equivalcntly and more explicitly, let A 1 be a crossed module and let d : A — > A® A 1 
be a linear map, which we write as da = a 1 <g> a 2 . We define £> = (e® id)d : A — > A 1 
and conversely left covariance of d in the form am ® «(2) 1 <8>a( 2 ) 2 = <g)a 1 ( 2 ) ® a 2 
implies by applying e in the middle factor that an) Cg)w(a( 2 )) = da, so left covariant 
d is equivalent to a linear map w. That d obeys the product rule is (ab) 1 <g> (ab) 2 = 
a 1 6(i) ® a 2 <6(2) + ab 1 eg) 6 2 which implies 

ui(ab) = ui(a)<b + e(a)uj(b). 

That d is right covariant is a(i) 1 <E> &(i) 2 ® a>(2) = ® fl2 o (8 a 1 ( 2 )a 2 i. Applying 
the counit to the first factor gives d)(a(i)) (X) a( 2 ) = a)(a( 2 ))o <8> a(i)w(a(2))i which is 
equivalent to ui : A — > A 1 being equivariant where A has the right adjoint coaction. 
Conversely, one can check that these properties for us imply that d is a differential 
for AfgiA 1 . Clearly the image A 1 = image(w) is a subcrossed module of A 1 and one 
can check that A <£> A 1 is the standard subcalculus inside A (g> A 1 . 

Finally, it is convenient (but not necessary) to note that w(l) = (due to d(l) = 
and hence w = wo7r and the two conditions on ui in terms of ui : A + — > A 1 become 
that it is a morphism in the category of right modules respectively crossed modules 
for the two cases. □ 

Note that / = ker u> will be a right ideal in A + (ad- invariant in the bicovariant case) 
but this information determines only fj 1 not all of fl 1 in the generalised case. This 
is the main difference in the generalised case compared to the Woronowicz theory 
in p. 

Corollary 3.2. Up to isomorphism (bi) covariant generalised differential calculi 
in Theorem \3.1\ are classified by isomorphism classes of pairs (A 1 ,^) (two such 
pairs are isomorphic if they are as objects and the isomorphism forms a commuting 
triangle with A + .) 

Proof. Use the previous notations, we show that (ft 1 , d) and (tl 1 ' , d') are isomorphic 
as (bi)covariant differential calculi if and only if the corresponding data (A 1 ,^) 
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and (A 1 ', a/) are isomorphic in the category of (crossed) A-modules. On the one 
hand, let ip : Q 1 —> O 1 be the isomorphism Hopf bimodule map, it is easy to see 
p : A 1 — > A 1 is an isomorphism of (crossed) modules, where ^(A 1 ) = A 1 due 
to ip is left module map. Then pu(o) = (p(Samd(a(2))) = Sa^p(d(a^2))) = 
Sar a -\d'(a(2)) = u>'(a) imply (A 1 ,^) and (A 1 ', a/) are isomorphic pairs. On the 
other hand, if ^ : A 1 — >■ A 1 ' is a (crossed) module isomorphism compatible with 
u>,u)', we can define $ : A ® A 1 —> A (g> A 1 ' maps a <g> v to a ® <p(v). It is an 
A-bimdoule and left A-comodule map in an obvious way. When ip is right A- 
comodulc map, then (p(v)o (g> p{v)i — p{vo) ® v\ implies am g> <p{v)o <g> a^2)p(v)i = 
am ® v(fo) ® &(2) v ii showing $ is right A-comodulc map as well. Lastly, from 
<f> o d(a) = $(a(i) ® w o 7r(a(2))) = am K^owo 7r(a( 2 )) = am ®u>'o ir(a( 2 )) = d'a. 
We proved that $ is a (bi)covariant differential calculus isomorphism. □ 

3.2. Innerness of bicovariant generalised differential calculi. For the next 
results we will refer to the invariant subspace under the right action 

A A = {V e A 1 | n<ia = 776(a), Va e A} = {?; G A 1 | t?<l4 + = 0}. 

This is the subspace in fi 1 which is left invariant and central for the bimod- 
ule structure. In the bicovariant case the crossed module condition ensures that 
Afl(A^) C A^ (g) A and hence that A# descends to a coaction on A 1 /A\. 

Lemma 3.3. A left covariant generalised differential calculus in Theorem \3.1\ is 
inner if and only if there exists S £ A 1 such that ui{a) — 6<\a for any a G A + . 
The inner calculus is bicovariant iff we have Ar making a crossed module with 
Ajt(0) - ® 1 G A^ ® A. 

Proof. If (A ® A x ,d) constructed from pair (A 1 , a;) is inner, then there exists G 
A (g) A 1 such that d = [0, ]. Set 9 = e<8 id(0) G A 1 . Then u)(a) = e <g> id (0.a - a.ff) 
— 8<sa — e(a)9 — 0<7r(a). Hence ui(a) — 9<a if a G A + . Conversely, given such an 
element 9 then clearly da = am (gwa^) = am (g> 0<7r(a( 2 )) = (1® 9). a — a.(l (g)0) = 
[0, a] as required. Moreover, if cj(a) = 0<a and if we have a crossed module then 
the condition that cu is right A-comodule map is equivalent to Cj : A — > A 1 is a right 
A-comodule map, which is 0o<7r(a(2)) ® Sa^Oia^) = <, ' r (a(2)) ® (<S' a (i)) a (3) f° r au 
a G A, i.e. 0«7r(a) ® 1 = o «7r(a) (8 0i for all a G A. This is (A H (0) - <gi 1)<A+ = 
0. □ 

Proposition 3.4. Le/£ covariant (resp bicovariant) generalised calculi on A are 
classified by isomorphism classes of pairs (A 1 ,[0]) where A 1 is a right (resp right 
crossed) A-module and [0] G h 1 / K l A (with Af>-invariant [9] for the bicovariant 
case). 

Proof. We chose representatives for [0] and [0'] and obtain equivalence (A 1 ^) ~ 
(A 1 ', 0') if there is a right module isomorphism p : A 1 — > A 1 ' such that ip(9) — 9' G 
K\. Similarly, inner bicovariant generalised calculi up to isomorphism correspond 
to pairs (A 1 , 0) where A 1 is a crossed A-module and A/j0 — <E> 1 G A^ (g> A and 
equivalence requires in addition that p is a comodule map. One direction of the 
proof here is covered by Lemma 13.31 Conversely, given A 1 and G A 1 we define 
cj : A + — > A 1 by u>(a) = 9<a. It is obvious that a; is a right A-module map. If A 1 
is a crossed module then (A/?(0) — (g> 1)<A + = implies that w is a morphism in 
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the category of right A-crossed modules as required in the bicovariant case. The 
isomorphism classes of (A 1 , a;) in the two cases reduce to the equivalences claimed. 
One can then interpret the result as stated, where an isomorphism class means a 
morphism (p such that </>([#]) = [Q'\ on the relevant quotient spaces. □ 

Next we note that as ft 1 C the latter being inner is a weaker statement than 
Cl 1 being inner as it may be that 9 £ A 1 . 

Proposition 3.5. For a left covariant generalised calculus on A in Theorem VS. 11 
the standard subcalculus ft 1 is inner iff there exists an element /i G A such that 
fiA + C kerw and e(fi) = — 1. Then 9 = + 1). 

Proof. By Lemma [373] applied to the standard subcalculus, being inner is equivalent 
to the existence of 9 £ A 1 with u(a) = 9<a for all a £ A + . Then 9 = u>(ji + 1) for 
some /ill £ A + , such that u(fi + l)<a = ut(a) for all a G A + . But a; is a right 
module map so this is equivalent to tu(fia) — for all a G A + . □ 

This observation appears to be new even for standard differential calculi. The 
following special case is, however, well-known and we mention it for completeness. 

Corollary 3.6. Any finite- dimensional semisimple A has all left covariant calculi 
inner. 

Proof. If the Hopf algebra is finite-dimensional and semisimple then we can take fx 
to be the integral, which exists in A and obeys \xa = for all a G A + and can be 
normalised to e(/x) = — 1. This then works uniformly for any calculus on A. □ 

Here \i corresponds geometrically to right-invariant integration J : A* — > k and 
Proposition l3.5l savs that more generally what we need is a 'partially right invariant' 
integration 

J:A*^k 7 J h {1) <g> h m = J h <g> 1, Vft G 1° = {h G A* | h{I) = {0}} 

This suggests an interesting duality between a property of differentials on A and 
some kind of integration on A* at least in the finite-dimensional case, which we 
have not seen noted before. 

3.3. Exterior algebra of a generalised bicovariant calculus. The differential 
graded algebra or exterior algebra (0, d) extending a given first order generalised 
calculus (f^jd) over an algebra A is an N-graded algebra f2 = ©„> ^™ admitting 
fi 1 and f2° = A, and the linear map d : O —> extending d : A — > il 1 is a 
super derivation such that d 2 = and d(uv) = (du)v + (—l) n udv for all u G 
Q n ,v G ft. The exterior algebra is inner if d = [9, } for some 9 G fi 1 , where 
[9, u} = 9u- (-l) n u9 for u G O n . 

When A is a Hopf algebra, we first consider the left covaritant situation where 
we suppose that Vt is a left A-Hopf module with restricting to the given left 
coaction on Vt , in addition, we ask f2 is a left A-comodulc algebra. 
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Proposition 3.7. Let (A , ui) give a left covariant generalised calculus in the setting 
of Theorem \3.1\ The left covariant differential graded algebra (f2,d) extending Q 1 
are in correspondence with pairs (A, S) where A extends A 1 as an N-graded right 
A-module algebra with A = k, and S : A — » A is a degree 1 super derivation such 
that 

5 2 = 0, (6r))<a - 6(r)<a) = u}(Tr(am))(r)<a^ 2 )) - (-l)''''»7 <la (i) w ( 7r ( a (2))), Va G A 
Su>(a) + w(7r(a(i)))w(7r(o(2))) =0, Va G A + . 

Proof. By the Hopf module lemma, fl = At<A for the graded algebra of left- 
invariant differential forms. To be more specific, let A = ©„>oA™ with A™ := COj4 f2" 
the left invariant subspaces of f2" for all n. Here A n 's are right A- modules by 
v<a = Sa(iyv.a,(2) - Because Al(vw) = l<g>vw for all v G A™ and w G A™ shows vw G 
A" +m . Then (vw)<a = Sam.vw.a(2\ — Sam.v.a^Sa^yw.a^ = (v<a^)(w<a(2)) 
for all v, w G A, a G ^4 implies A is N-graded right A-modulc algebra. In fact, the left 
A-Hopf modules as well as right A-modules isomorphism f3 : Ct AxA is an alge- 
bra isomorphism. This follows from j3(v)/3(w) = (v-2 l S)Sv—iVo)-{w—2 l g>Sw-xWo) = 

V-2W-3®{SV-iVo)<W-2SW-iWo = V-2W-4,®SW-3SV-\VaW-2S'W-\'Wo = V-2W-2® 

Sv-iSw-iVqWq = f3(vw), where • denotes the multiplication in the smash product 
algebra Ac<A. Under this isomorphism, the graded derivation on f2 transfer to the 
graded derivation d on AxA, which is also a left comodule map. 

The super derivation d with d 2 = on AxA necessarily has the form d(a <g> rj) = 
On) ® L)(a,(2))v + a <S> 5r] for the linear map S : A — > A obtained as the restriction 
of d to left-invariant forms. Obviously, 5 2 = as d 2 docs. Since d 2 a = d(am ® 
w(a(2))) = am €5 w(a(2))w(a(3)) + am £g> &D(a(2)), so d 2 a = is equivalent to 
<5w(a) + w(an))d)(a(2)) = for any a e A, which is also equivalent to Su>(a) + 
w(a( 1 ))cl'(a(2)) = for any a G A + . 

For any rj G A and a G A in AxA, d(r/-a) = (5ry)-a+(— l^'ry-da = am<Si(Sr])<an) + 
(-l)!''la (1) ® (7?<a (2 ))w(a (3) ), while d(a (1) (g) 7?<a (2) ) = a (1) ®w(a( 2 ))(r?<a( 3 )) + a( 1 ) ® 
<5( 7 ? <la (2))- Then r) ■ a = am ^<a( 2 ) in Ac<A induces d(?7 ■ a) = d(an) ® »7<£i(2))j 
which is equivalent to (5rj)<3a — S(j]<a) — Q(am)r)<a — (—1)^ (r]<am)u}(ar2))- 

The 'if part' is also true. For any pair (A, S) in the setting, we can define the graded 
derivation on AxA by d(a ® f?) = am €5 Cj(a^2)) 7 l + a ® <5r; for all a G A and i) e A. 
The only left to show is d 2 (a <E> rj) = for all a G A and rj G A. It is valid, since 
d 2 (a® 77) = O(i) <8>cD(o(2))w(o(3))j; + a(i) <8>5(a}(a( 2 ))r/) +ffl(i) ®w(a(2))<577 + a<gx$ 2 ?7 = 
O(i) 8) w(a( 2 ))w(a(3))?7 + am ® &D(a(2))»7 = 0. □ 

Next, we say the differential graded algebra (0, d) on the Hopf algebra A is bico- 
variant if there exist A £ , on f2 making it a Hopf-bimodule, an A-bicomodule 
algebra and d is a bicomodule map. 

Proposition 3.8. In the setting of Proposition \3~7\ with (A 1 ,^) bicovariant, the 
differential graded algebra (O, d) is bicovariant iff A an algebra in the category 
of right A-crossed modules, and the graded derivation S : A — » A satisfying the 
conditions in Proposition \3.7\ is a right A-comodule map. 
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Proof. The first part is routine, under the isomorphism S7 = AxA in Proposi- 
tion I3.7[ the right Hopf module structure on S7 is equivalent to a crossed module 
structure on A. If the product of O is a right ^4-comodulc map, then so is the product 
of A, and vice verse. As to the graded derivation, note again 5 is a restriction of d, so 
5 is a right A-comodulc map as d does. Conversely, if 6 is a right A-comodule map, 
then A fi (d(a® ??)) = a (1) g>^a(3))o77o®a(2)w(a(3))ir?i +a(i) ® (<fy)o®a(2) ® (<fy)i = 
a ( i) ®w(a(4))77o®a ( 2)S , (a(3))a(5)?7i + a( 1 ) ®5?7o(8)a(2)r7i = a ( i) ®w(o( 2 ))»jo ®0(3)»?i + 
O(i) 8> £>77o (8> ci(2)^i = d(o(i) ® 770) ® 0(2)771 = ((d ® id) ° A#)(a ® 77), in which we use 
that Q : ^4 — ► A 1 is a right ^4-comodule map as given in Theroem l3.ll □ 

As to the inner case, 

Proposition 3.9. Let (A 1 , 9) define an inner generalised left covariant calculus and 
suppose that A 1 extends to an algebra A in the category of right A-modules. Then 
5rj = [0, 77} meets the conditions in Proposition \3.7\ and we have a left covariant 
differential complex (0, d) iff 6 2 G AaC\Z(A) (i.e. 6 2 <iA + = and 9 2 central in A). 
Moreover, let (A 1 ,^) define a bicovariant calculus as in Lemma 3.3. Then (SI, d.) 
is bicovariant as in Provosition 1 3. 8\ iff and A is an algebra in the category of right 
A-crossed modules and [Ar6 — ® 1, A^??} = for all 77 G A. 

Proof. We show that 5 defined by 9 meets all the conditions of Proposition 13.71 and 
ET51 Clearly <5 2 7 ? = 5{9n - (-l)Mi70) = 9 2 t] - n9 2 = for all 77 G A requires 6 2 to 
be central in A. Next, note that A is right A-module algebra, we have (<5?7)<la — 
«5(77<a) = {Or))<a - (-l)W(r)9)<a - 9(rj<a) + (-l)H(77<a)0 = (0<a ( i)) (77x10(2) ) - 
(-l)l"l(77<a ( i))(^<a ( 2)) + (-l)l"l(?7<a)0 = w(o ( i))(t/40( 2 )) - (77<a (1) )w(a (2) ) 
for all a G A. Now, for any a G A + , aj(a( 1 ))w(a( 2 )) = (0<7r(a( 1 )))(0<7r(a( 2 ))) = 
(0<(a (1) - e(o (1 )))(0<(o (2 ) - e(o (2 ))) = (0<a (1) )(0<a (2) ) + (6ke(a (1) ))(6ke(a (2) )) - 
(0<a)0 - 0(0<a) = 2 «a - (0<a)0 - 0(0«a) while 5w(a) = 5{9<a) = 9{9<a) + (0<a)0 
for any a G ^4 + , so Su)(a) + w(a(i))u)(a( 2 )) = holds for all a G A + precisely 
when 9 2 G Aa (this is also immediate from d 2 a = 0). For the bicovariant case, the 
equation [Ar9 — 0(g) 1, A^} = is equivalent to S = [9, } being a right ^4-comodulc 
map. □ 

It is known that ordinary bicovariant differential graded algebras in the Woronowicz 
construction are super-Hopf algebras. Motivated by this in our generalised setting 
we say that a differential graded algebra (0, d) with fi° = A (a Hopf algebra) is 
strongly bicovariant if S7 is a graded super-Hopf algebra with odd/even part given 
by the parity of the grading and the super derivation d is also a 'super coderivation' 
in the sense 

(3.1) Aod(ro) = (d®id+ (-l) |u,1| id(g>d) o A(w), Vw G fi, 

where A = () 1 ®() 2 is the graded super coproduct of SI. By assumptions this 
respects the grading so that A : O n — » ©-^^"Sl 2 ® SP. This condition (|3.1[) is an 
arrow-reversed notion of super derivation so that our notion of strongly bicovariant 
is symmetric in the same way that the axioms of a Hopf algebra are symmetric. 
When A and the components S7 l are finite dimensional, the graded dual S7* becomes 
a codiffcrcntial graded algebra over A* via d* as a super derivation and coderivation 
as before but has degree -1. 
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This novel super coderivation property of d appears to be a new observation even in 
the usual Woronowicz case and will be studied further elsewhere. Our terminology 
is justified by the following lemma. 

Lemma 3.10. Any strongly bicovariant differential graded algebra is bicovariant. 

Proof. Denote the projection from f2 = © n >o^™ to Cl° = A by II. Then Al := 
(II®id)oA and Ar := (id<E)II)oA make fl a A-bicomodulc, from the coassociativity 
of the coproduct A and that it respects the grading. The Hopf bimodule and A- 
bicomodulc algebra structure easily follow from the fact that A is algebra map. 
Apply II (g) id (resp. id <g> II) to the both sides of A o d = (d <S> id ± id ® d) o A, we 
have A£od = id(g)doAL (resp. A^od = dtgiidoA^). Thus, d is an A-bicomodule 
map. □ 

Theorem 3.11. In the setting of Proposition [X&l the differential graded algebra 
(f2,d) is strongly bicovariant iff A is a super-braided Hopf algebra in the category 
of right A-crossed modules with coproduct in form: A(r?) = l(E)ri + -- -+ ri>S>l for 
all T) G A, and 8 obeys 

(3.2) (Sn) 1 ® (Sn) 2 = Sr] 1 ® t? 2 + (-1)I"V ® 5rf + (-l)^ 1 ^ ®uj{-k{{t 1 1 ) 1 ))v 2 

for all rj G A. Here A = ( ) 1 ® ( ) 2 denotes the braided coproduct of A while 
A_r = ( )o <8> ( )i denotes the right coaction on it. 

Proof. The correspondence between supcr-Hopf algebra structures is super version 
of Radford's Theorem[S] in the braided-category interpretation due to the first 
author. Under this super-Hopf algebra isomorphism Q = Asp<A, the coproduct on 
AskA is A(a<E)i]) = a (1 ) ® (77 1 )o®a(2)(»? 1 )i ®V 2 f° r an Y a e A and r) G A. Then light 
computation shows the bicoactions constructed by (II id) o A and (id Cg> II) o A are 
the same ones induced from the crossed module structure of A if and only if A(rj) 

is of the form 1 ® r? H h ?7 <8> 1. This means in particular that A?/ = r)(£)l + l®ri 

for n G A 1 . 

Note that A(r?) = 1 <g> (r/^o ® (77^1 ®77 2 in As<A, then Eq. (|3.ip implies Eq. ([3,2p by 
direct computation. Conversely, recall d(a^rj) = am (g><I;(a( 2 ))?7 + a(g>5?7, an d note 

that A(Q(a)) = u)(a)®l + l®Q(a) and A(vw) = (-l) |,j2|l ' !i,1| u 1 (w 1 )o«)(u 2 <i(u) 1 )i)w 2 
in A for any a G A and 77, v,w G A. then the left hand side of Eq. (|3.1[) Aod(a®?7) = 
a (1) ® (w(a (2 ))?7) :L o ® a (1) (£l'(a (2) )77) 1 i (g> (uj(a^))v) 2 + ® (5r/) 1 (8 a(2)('5'?) 1 i ® 
(<5r;) 2 = a (1) ® w(a (2) )(?7 1 )o ® a (3) (?? 1 )i <g> r] 2 + (-ljk'lo^ ® (r/^o <8 a^)^ 1 )! ® 
(w(a (3) )<(7y 1 ) 2 )?7 2 + a (1) ® ( 5((77 1 )o)®a (2) (77 1 )i®r ? 2 + (-l)l ? ' 1 la (1) (g)(77 1 )o«>a( 2 )(?7 1 )i«' 
<5(r7 2 ) + (— l)' 77 'o(i) ® (?7 1 )o ® a(2)( ? 7 1 )i ® ^(C 7 ? 1 )2)?7 2 , which meets the right hand 
side of Eq. (|3.1j) . recalling again that 6j(ab) = Cj(a)<b + e(a)ui(b) for any a, 6 G A. □ 

Proposition 3.12. TTie inner bicovariant calculus (fi, d) in Proposition \3.9\ is 
strongly bicovariant iff A is a super-braided Hopf algebra in the category of right A- 
crossed modules with coproduct in form A (rf) = 1(g) 77+' • •+77<8>1 and 77 1 6*o <S> ?7 2 <^i = 
r^O <8> r] 2 for all rj G A. 

Proof. We verify that Eq. (|3.2j) holds automatically in the inner case. The left 
hand side is A o 8{rf) = A(6r) - (-l^rjB) = (-l)!'' 1 {n 1 )^ <g> (^(r/ 1 )^// 2 + Oif ® 
n 2 - (-l) 1 '' 1 ?! 1 (8 r/ 2 6> - (-l) 1 ^ 1 ?? 1 ^ (8 r/ 2 <6*i. And the right hand side is: Srj 1 <g> 
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n 2 + (-l)!" 1 ^ 1 ®5rf + ( — 1) l^ 1 1 (r? 1 ) ®u({n 1 ) 1 )rj 2 = 9-q 1 ®^ 2 - {-l^^O ® r) 2 + 
(-l)!'' 1 !?; 1 ® Orf - (-l)l''lr? 1 (8)r? 2 e + (-l)l' )1 l(r? 1 )o ® ((Mr? 1 )^ 2 - (-l^V <g> Or] 2 . 
This meets the left hand side after cancelling the third and last terms in it and 
provided the condition on 9 holds. Note that the stated condition on 9 means in 
particular that 9q ® r}<9\ = 9 ® rj, i.e. ^(n ® 9) = 9 ® rj for all rj G A 1 . □ 

Finally, it remains to construct A, which we do in the bicovariant case where A 1 
is an A-crossed module and A has invertible antipodc. Indeed, associated to A 1 
an object of an abelian braided category and "J : A 1 ® A 1 — > A 1 ® A 1 the braiding 
in the category, we have a super- Hopf algebra A = ^-(A 1 ) in the braided cate- 
gory defined as the tensor algebra modulo the ideal generated by the kernel of the 
antisymmetrizers defined by ^. This is sometimes called the Nichols- Woronowicz 
algebra associated to A 1 , but note that its (super) braided- Hopf algebra structure is 
due to Majid, see[7]. Here the coproduct is the additive one on A 1 and if A 1 is rigid 
then this construction is equivalent to the quotient by the kernel of the braided 
super-Hopf algebra pairing between TA 1 and TA 1 *, a construction introduced in 
[5] . The bosonisation of this is an ordinary super Hopf algebra which in our case 
we interpret by an extension of the isomorphism in Theorem 13.11 as the exterior 
algebra Q(A) = A&<A. 

Clearly, given bicovariant (A 1 , a;) on A we can reduce Theorem 13.111 to data Si : 
A 1 — > A 1 ® A 1 so as to generate the required 8 on ^-(A 1 ) when projected to A 2 . It 
is straightforward but unilluminating to write out all the conditions on Si for this 
to extend as a well-defined super derivation with the required properties. Here we 
limit ourselves to the important inner case where <Ji = 0®() + ()®0: 

Corollary 3.13. Let A 1 be an object in the category of right A-crossed modules 
and 9 G A 1 be such that Ar(9) — 9 ® 1 e A^ ® A as in Lemma \3.3[ Suppose that 

tf(0<g> 9) =9®9, ^{n®9) = 9®n, {A R (6) - 6 ® 1, A R (r?)} = 

for all r\ G A 1 . Then uj(a) = 9<\a for all a G A + and S = [0, } provides an inner 
strongly bicovariant differential calculus according to Proposition \3.12\ 

Proof. Note that _B_(A 1 ) is generated by A 1 . The first displayed condition ensures 
that 9 2 = and the others are from the analysis above. Also note that we used the 
anticommutator { , } since rj G A 1 in the covariance condition. □ 

In particular, all these conditions hold if Ar9 = 9 ® 1. So any right-invariant 
element of A 1 gives a strongly bicovariant exterior algebra f2 = AxB^A 1 ). This 
completes the exterior algebra in the bicovariant generalised case, as a reworking 
and generalisation of the Woronowicz approach. We call Cl(A, A 1 ) the super-Hopf 
quiver associated to a Hopf algebra A, its calculus (A 1 , u>) and the additional datum 
for the extension. One similarly has a symmetric version of the above construction 
namely a Hopf algebra S(A, A 1 ) = As<B + (A 1 ) where we symmetrize rather than 
antisymmetrize A 1 to obtain a braided- Hopf algebra £ = B + (A 1 ). 

4. Hopf quivers 

Here we specialise Theorem 3.1 and Corollary 3.2 to A = k(G) on a (finite) group 
G. Denote by C the set of all the conjugacy classes of G. 



GENERALISED DIFFERENTIAL CALCULUS AND HOPF QUIVERS 13 

Proposition 4.1. Let A = k(G) on a (finite) group, the bicovariant data (A 1 ,^) 
in Theorem 3.1 are equivalent to: 

1) A 1 a G-graded space i.e. A 1 = ® ge c?Ag; 

2) A 1 a left G-module such that ft>A* = &\ gh -i , Vg, h G G; 

3) \C\ — 1 elements {uj c G A* | Z c t>ui c = lu c }c£C, Ml which C ranges over the 
set C \ {e} of all non-trivial conjugacy classes. 

where Z c is the centralizer of a fixed representative c £ C and \C\ is the number of 
conjugacy classes of G. 

Proof. It is well known that a vector space is a right fc(G)-crosscd module if and only 
if it is a left £:G-crossed module. So A 1 is a right fc(G)-crossed module is equivalent 
to the statements 1) and 2). Note here A* := A 1 ^^ and Ar(v) = X/igG ^ lt>v ® 

The right /c(G)-crossed module map ui : (fc(G)) + — > A 1 is uniquely defined by 
{ujg := uj(5g) G A g \g G G, 5 7^ e}. For each non-trivial conjugacy class G of G, 
choose some c G G, then we have |C| — 1 elements lj c G A*. These arc the data 
stated in 3). Since Ar(u)(6 c )) = Ar(u!(S c )<6 c ) = ^h&G^i^hch- 1 ) ® <fyi, which 
means ui^ch- 1 = ^i^hch- 1 ) — h>uj(S c ) = h>uj c , for any h G G. So Z c >u> c = u) c . 

Conversely, given the data in 3) and our fixed representatives c G G for each G, 
we set oj(Sq) = uj g and uj g := /)>cj c for any g G G, <7 ^ e and g = hch^ 1 where 
h G G. This gives a well-defined map u : (fc(G)) + — > A 1 since if g = hchr 1 = 
h'ch'~ l , then h' = hu for some u G Z Cl so h't>us c = h>(u>ui c ) = h>U) c . Note here 
w((5 s ) = h>u: c G A^ c/i _! i.e. oj(d g ) G A*. By construction, if k>w(6 g ) = kt>h>u; c = 
(kh)>uj c = ^>{5khch- 1 k- 1 ) = w(5f~ g k-i) for any k G G, which is equivalent to say 
that u> : (k(G)) + — > A 1 is a right fc(G)-crossed map. □ 

To be more specific: 

Corollary 4.2. Given the data in Proposition \4-l\ the corresponding bicovariant 
generalised FODC on k(G) is given by: fi 1 = k(G).A 1 with d = [6, ], where 6 = 
^sec Lu g G A 1 and u> g := fti>a; c if g — hch~ x for some c G G and h E G. The 

k(G)-(co) module structures are: 

v -.f = R g(f)- V i A R (S x .v) = 2J .(ft>v) ® 5h, /or any u G A g . 

heG 

Here R g (f) = /(( )g) is right-translation. 

Proof. The proof follows from the formula in the proof of Theorem 3.1. Note that 
Ar(v) = J2heG ht>v <E> Sh and v.Sh = 5h g -i.v for any v G A*. □ 

We remark that the right fc(G)-crossed module map w is in one-to-one correspon- 
dence with the data {u> g = h>uj c G A g } g ^o, g7 t e , which is uniquely determined by 
the data in 3), and doesn't depend on the choice of c in each conjugacy class G. 

Proposition 4.3. Let A = fc(G) on a (finite) group, up to isomorphism, the bico- 
variant generalised calculi on k(G) are in 1-1 correspondence with data: 



1) {R c gN |G gC}; 
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2) {r c £ {0, 1}| r c < Rc, r {e} = 0, G £ C}. 

Proof. Consider the corresponding data in Proposition 14.11 Since /i in invertiblc, 
we have dim^A* = dinifcA^ ff/i _ 1 for any ft 6 G. So the dimension of A* remains 
constant on each conjugacy class. Denote Rc ■= dim^ A^ £ No for some g £ G, on 
C £ C. Specially, consider the data given in Proposition 14. 1 1 3) . Since w g = h>uj c if 
g = hchr 1 for some c £ G, then lo c = if and only if uj g = for all g conjugacy to 
c. Denote rc = 1 if w c 7^ for c £ G, and rc = otherwise. For completion, we set 
r {e} = 0. Here we associate each bicovariant generalised calculi with a pair of data 
{Rc} and {?"c} as desired. 

If (A 1 ,^) = (A' 1 , a/), then there is a right fc(G)-crossed module isomorphism tp : 
A 1 -> A' 1 such that <^ o cj(<5 9 ) = w'(5 s ) for any g £ G, g ^ e. Thus A^ 1 = <p(Ag) 
imply dimj; A^ 1 = dim^ A*, for any g £ G. On the other hand, u'(S g ) = ip o u>(S g ) 
imply uj'(5 g ) — if and only if oj(6 g ) = 0, for any g £ G, g ^= e. Hence, wc have the 
same data {Rc} and {rc} for isomorphic bicovariant generalised FODC. 

Now, for given data {Rc} and {rc}, we set A* = A:-span{eg 1 \ . . . , eg 3 '} for g £ 
C and A 1 = © ge cAg, Define the left G-action on A 1 by h>e$ = e^\-i- Then 
h>A g = ^) lgh -i naturally. For each non-trivial conjugacy class C of G, pick some 

c £ C, set w c = ea if fo = 1) an d set w c = otherwise. Apparently, Z c >uj c = 
Z c \>e^ = &c = w c . Here we construct the data in Proposition l4.1[ which determine 
a bicovariant generalised FODC on k(G) uniquely and has the same {Rc} and {rc} 
as its construction. □ 

Note that we can also set uj c = Yl,f=i e< i f° r c £ G with rc = 1 in the proof above to 
construct a bicovariant generalised differential calculus. We call the corresponding 
representative canonical. 

Corollary 4.4. Let A = k(G) on a (finite) group. Given the data {Rc} and { r c} 
in Proposition \4-3\ the canonical representative data in Proposition ^. 1\ are: 

Aj = fc-span^)}^, h»ef = ef gh _„ for any g, h £ G, 

Efiie« ifr = l 
else 

where c £ C and C £ C \ {e}. The corresponding inner bicovariant GFODC on 
k{G) is given by 




^ = fc(G).A\ ef.f = R g {f)-ef, A«( e W) = £ e f gh ^ ® 6, 

h£G 

Rc 



cec ae c crec a6 c i=l 



Here R a (f) = /(( )a) is right-translation. 

Proof. The element w c £ A* here is invariant under Z c , since e£ is. The rest of 
proof follows from Corollary 4.2. □ 
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As a special case of k(X), the generalised first order calculi on k(G) should corre- 
spond with certain kind of quiver pairs as in Corollarv l2.3l As promised, these are 
Hopf quivers. 

Proposition 4.5. Let A = k(G) on a (finite) group, up to isomorphism, the bico- 
variant generalised first order calculi (f^d) on A are in 1-1 correspondence with 
Hopf quiver pairs (Q,Q), where Q is the Hopf quiver and Q is a sub-Hopf quiver 
which is a digraph. The exterior algebra in Corollarv \3.13\ is the Hopf super algebra 
in [4] and its symmetric algebra version is the associative Hopf algebra in [3] with 
Hopf (super) algebra structure constructed from the trivial kG-Hopf bimodule. 



Proof. Consider the associative data {Rc} and {rc} for (fi^d) in Proposition ^. 31 
Denote R = X^cec ^ c ano - Tc = Scec r C' both are ramification data of group G. 
Then we can set Q — Q(G, R) and Q = Q(G, r), pair of Hopf quivers. Here Q is 
the sub-Hopf quiver of Q and a digraph, since rc < Rc and rc G {0, 1}. 

Now we identify the linear vector space J7 1 = k(G).A 1 in Corollary 4.4 above with 
kQI, the space of all arrows in the path algebra kQ. Since Rc = dim k A a for any 
a G C with C G C, then we can identify 5 x ®e^ with p (i) for each i = 1, . . . , Rc- 

x ) xa 

The induced /c(G)-Hopf bimodule from ^(G^.A 1 on kQ\ arc 

Sh-P («) = Sh,xP (i> , P w -Sh = Sh.xaP « ; 



rxa x rxa 



a: > a:a — h~ L x } n~ L xa x ) xa — x/i 1 — ^xah 1 

It is the trivial fc(G)-Hopf bimodule and defines a unique Hopf (super)algebra struc- 
ture on path algebra kQ a . 

Consider the canonical representative calculus given in Corollary 4.4, the elements 
£ A 1 is J^xggP < ; ) m P a th algebra kQ a . So the derivative d = [9, ] with 

x — —rxa 

9 = Y,cec EaGC ££l e " } become ^ cec EaGC ESl P W, thc sum of a11 the 

r C — 1 _ — 1 a: ) a:a 

arrows except loops in Q. 

□ 
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